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by K. V. Kholshevnikov 

It is proved that t o  achieve t h e  s t a b i l i t y  of t h e  o r b i t a l  motion 
t h e  cond i t ion  h < 0 is necessary ,  h be ing  the  energy constant .  

* 
* *  

1.- We shall cons ider  t h e  motion of a p a r t i c l e  i n  t h e  g r a v i t a t i o n a l  

f i e l d  of an a r b i t r a r y  body ( f u r t h e r  c a l l e d  the  p l a n e t ) ,  having an x i - s y m -  

n e t r i c a l  s t r u c t u r e .  3y s t r e n g t h  of t he  cond i t ion  of f i e l d  conserve t ion  t h e r e  

ex i s t s  the  energy i n t e g r a l  

T =  \'+ h,  (1) 

and t h e  v a l i d i t y  of t h e  Laplace formula 

Eere h is >he  e n e r m  cons tan t ;  T is t h e  k i n e t i c  energy of t h e  mccr; u n i t  

Of  t h e  p a r t i c l e ;  V is a mass-flow f u n c t i o n ;  U 3: 4V + 2Q,V; R = r 2 ,  where 

r i s  the  rzd ius-vec tor :  

U t i l i z i n g  t h e  honogenei tyof  the  mass-flow func t ion  of t h e  problem of n 
bodies ,  Jncob i  der ived  from the  formulas (1) and (2 )  t h e  necessary  condi- 

t i o n  h t 0  of solar system's  s t a b i l i t y .  

- 
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2. 

I n  our case t h e  mass-flow func t ion  

is devoid  o f  homogeneity. Here t2 is t h e  p roduc t  of the  g r a v i t a t i o n a l  cons- 
t a n t  by t h e  mass of t h e  p l a n e t ;  I?, a r e  t h e  Legendre polynomials(  Jn are 

c o n s t a n t s .  We t ook  f o r  t he  u n i t  of l e n g t h  t h e  greatest r ad ius -vec to r  o f  pla- 

n e t ' s  s u r f a c e .  
According t o  Lagrange, t h e  motion of  a. material p o i n t  is said t o  be 

s t e a d y ,  i f  a t  t > to 
H. 

t h e  p o i n t  does emerge from t h e  f i n i t e  r e g i o n  o f  space  

If we take f o r  t h e  r eg ion  M a sphe re  of a r b i t r a r y  r a d i u s ,  i t  is 
well  known t h a t  t h e  c o n d i t i o n  

h < 0. 
is  s u f f i c i e n t  f o r  t h e  s t a b i l i t y .  

Xe s h a l l  demonstrate  t h a t  t h e  c o n d i t i o n  (4) is  ind i~pen6 :~ 'Z .c  if w e  

t a k e  for M any c l o s e d  f i n i t e  r e g i o n  of space  D,which would no t  i n t e r s e c t  

t he  p l a n e t ,  and i n  which 
u > 0. 

Assume h >, 0, a n d  t h a t  t h e  p a r t i c l e  shall never  e n e r p  from t h e  r e c . ' c y ,  D. 

Then, i t  follows from formulas ( 2 )  and ( 5 )  : 

I n t e g r a t i n g ,  we f i n d  ZAI dr? ( t l )  R - Ro > 'I- ( t  - t,,)' + 57- ( t  - to), 

whence R = r ? x > m ,  which is  i n  c o n t r a d i c t i o n  wi th  t h e  assumption j u s t  made. 
Thus t h e  reouirement  of t h e  cond i t ion  (4)  has  been demonstrated.  

2. - I t  i s  q u i t e  probable  t h a t  for p l a n e t s  of t h e  solar system t h e  

i n e q u a l i t y  (5) i s  f u l f i l l e d  i n  t h e  whole o u t e r  space.  If t h i s  i s  s o ,  t h e n  
a t  h 2 0 t h e  p z r t i c l e  e i t h e r  d r i f t s  away t o  i n f i n i t g  o r  falls on t h e  p l ane t .*  

* This  seem ev iden t .  nonever,  i t  i s  p o s s i b l e  t o  show t h a t  t h e r e  ex i s t  force 
f i e l d s  i n  which t h e  motion a l o n g  t h e  c i r c l e  r = ro )1 
g r e a t  h. 

is  p o s s i b l e  for any 



It h a s  been p o s s i b l e  t o  demonstrate  mathemat ica l ly  t h e  i n e q u a l i t y  
( 5 )  for r 21, f o r  t h e  series ( 3 )  nag be d ive rgen t  a t  r(1. To demonstrate  

t h i s ,  l e t  u s  no te  first of a l l  t h a t  a t  

t i  a t e d  ove r  x ,  y, z termwise, f o r  t h e  c o e f f i c i e n t s  Jn of t h e  a r b i t r a r y  

body o f  r e v o l u t i o n  [l] s a t i s f y  t h e  i n e q u a l i t y  

r 3 1 t h e  s e r i e s  ( 3 )  may be d i f f e r e n -  

( 8 )  
c 

,$/2 J 

1 .In I .< - 
where C is a c e r t a i n  cons tan t .  That i s  why t h e  o p e r a t o r  (? r:ay be i n t r o d u -  

ced under  t h e  sign of t h e  sum ( 3 )  and we may t a k e  advLmtaG:e of  t h e  Tu le r  
forrnulc f o r  an homogenous func t ion .  As a r e s u l t  we s h a l l  o b t a i n  

the  c_c-..nt.ity U w i l l  be s t r i c t l y  p o s i t i v e  ,;t r >1 i f  

I J ,  I +i,[: (7, 3 ', - 

Iiere L ( * )  ir: n Rie!xmn-zetc-function. 

l o r  t he  S a r t h  c21 j < 52 &O'3. Obviously,  t h e  i n e q u a l i t g  (10) is 3 
f u l f i l l e d  Tor a l l  the  p l a n e t s  of tl:e solar sgstern. 

The re fo re ,  the motion of  a p a r t i c l e  i n  t h e  Zravit: . t ional f i e l d  of 
an ax i - symne t r i ca l  p l a n e t  m a y ,  accord inq  t o  Lag.ran,-e~ take place i n  t h e  El- 

r e g i o n  onl:r i n  t h e  case when t b e  i n e q u a l i t y  h < 0 is  s a t i s f i e d .  

\le m?y t z k e  €or t h e  r e r i o n  M any f i n i t e  p a r t  of  space  r 1, which 
c o i n c i d e s  w i t h  any f i n i t e  p a r t  r e l a t i v e  t o  t h e  p l a n e t  of  t h e  o u t e r  s?ace,  
w i t h  a prec is j -on  t o  t h e  d i f f e r e n c e  between t h e  e q u a t o r i a l  and polar  r a d i i  

of t h e  p l a n e t .  

* * *  T H E  E N D  * * *  
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